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Information Processing Theories

Quantum:
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Realizing Quantum Information

Is quantum information physically realizable?

e Accuracy Threshold Theorem 1.
Assume the requirements for scalable computing. If
the error per gate (including “no-op”) is less than a
threshold, then it is possible to efficiently quantum
compute arbitrarily accurately.

Shor 1996[1], Kitaev 1996[”], Aharonov&Ben-Or 1996[~], Knill& al. 1996[/].
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Finite Quantum Systems |

A finite quantum system Q is determined by:

A Hilbert space Q.
dim O = N.
“Logical” orthonormal basis: eq,...,en.
Unit vectors of O
— pure states of Q.
Examples (N = 2):
(te1].6e1 + .8ex) = ie1(.6eq + .8eg

- ()

—.61

Probabillity distributions over unit vectors of O
— mixed states of Q.
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Finite Quantum Systems Il

A finite quantum system Q is determined by:

A *-algebra of “observables” 4q >~ Mat (C).

States are positive linear functionals:
A — (A),eC
(a*4), > 0

Dy = 1
States are convex-closed.
Pure states = extreme points.

Examples (N = 2): Mat,(C) acts on C2.

Unit vector in C? determines pure state:

(52 )= (0 2)(



Quantum Subsystems

X\ o X%
Al C Al Bl
o Sets of pure states:

Q Q® Q

- A subsystem’s Hilbert space:

Factor of a subspace

o Observable algebras:
Matq(C) ~ Maty(C) ® I C  Maty(C)
- A subsystem’s observables:
Sub-*-algebra ~ Mat,,(C)
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Math Objects and Tools

Hilbert spaces.
*-algebras and positive linear forms.
Representations of *-algebras.

e Theorem 2: Let A be an algebra of complex matrices
acting irreducibly on C”. Then A = Mat,, (C). Burnside

e Theorem 3: Let A be a *-subalgebra of Mat 5 (C) with
A ~ Mat,,(C). Then there is a unitary map
U:CY -C'eC°*aC"
such that
UAU™ = Mat,,(C) @ I, ® O,

See for example Burrow [5]
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Subsystems from Algebras

e Theorem 4: Let A be a *-subalgebra of Maty(C). Let A’
be the commutant of A. Then there is a unitary map
U:CN — CueC' ¢ Cg(C*
o C @ Co*
such that
UAU* = Mat,, (C)®1,, ® Mat,,(C)®I,,

® Mat,, (C) ® I,
and
UAU* = 1, ®Mat,, (C) @ I,, ® Mat,,(C)

¢ I, ® Mats, (C)
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A Classical Error Model

{ 000, 001, ..., 111 }: A finite classical system.

Bit flip errors, X;:
Xo(011) = 001.

Weight one errors:
X1 =1{X1, X9, X3}.
Weight two errors:
Xo={X1Xq, X1X3, XoX3}.

+ superpositions — guantum system, error model.
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Error Algebras

Q: Quantum system.
Aq ~ Maty(C): Its observable algebra acting on. ..
Q. Its Hilbert space of pure states.

Effect of noise: FE € Ag.

Y — Ly

Weight one errors: £; C Aq, linearly closed set, I € &;.
Weight < k errors: £, = £,
Error algebra £ = £ :
Eog=spanllq CE L CELC ... CE
Knill&Laflamme&Viola 1999 [¢]
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A Typical Noiseless Subsystem

System: C ={ o000, 001, ..., 111 }.
Errors: X1 =1{ X9, X3}

Problem: How to protect one bit?

Solution: Place the bit’s state in the first bit of C.

X2
Qen + 561 — ey + 561 X eo — ey + 661 AT

X3
—  (aeg + Ber) @ egr

XoX3
— aeqg+ Per) @ e
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Noiseless Subsystems

Let subsystem S be defined by the *-subalgebra
As C Aq associated with the factorization
0XC eCt @ C
e Theorem 5. The following are equivalent:
For every E € &,
UEUT € I, ® Mat;(C) @ Mat,(C)
£ 1s a subset of the commutant of As.

Proof. By Thm. 4.

Definition: A subsystem satisfying 1 or 2 is called
noiseless for £.

Knill&Laflamme&Viola 1999 [©]
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Classical Error Detection

Codewords: {

Encode

07, = 00

17 = 11

Measure

sSuccess
probability =

> Still In code? —Yes.

> —No.

> —Yes.
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Classical Error Detection

) (o)
° { L} E Measure
= 0
o} 1 { L
17
1 Success <1
: probability —
Quantum channel: Project onto
spall{ €pp, €11
with Fe.
{OL = €gp 1 Jeool {Pceoo = €gp
1, = €11 — €11 Peei1 = erq
x, Jewol Feeio=0
—  |eo1 Peegr =0
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Error-detecting C-Codes

Definition: A c-code of Q is an orthonormal
sequence of vectors C = (¢q,...,¢,) C Q.

Encode symbol : as ¢;.

Definition: C detects F If
Foralli # j: ¢ Ec; =0.

Equivalently: / C \
Mg O 0
E = C < 0 e TP
. 0 Ao
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Existence of Good C-Codes

Let £, be a t-dimensional subspace of error operators.

e Theorem 6. There exists an & -detecting c-code of size
> N/1t.

Proof:
Pick a unit ¢; € Q.
Inductively:
P, = (E4span(cy,...c
Pick ¢, 1 € P;-. Possible if dimP, < N.
Observe that dim P, < kt.

1

e Problem 7. What is the minimum size C(¢, N) of the

largest £ ;-detecting c-code?
Thm. 6: C(t,N) > N/t.
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Error-detecting Q-Codes

Definition: A g-code of Q is a subspace S C 9
(n = dim S).
Encode state ) unitarily to Uy € S.

Definition: S detects £ |if
Forally L o€ S w*E¢:0.

Equivalently: Let Ps be the projection onto S.
PsEPs = \gPs.

. S
Equivalently: / - > <
quivaie ty (A 0 ... O \
0 A
E = sq¢ " Lo
L 0 AE
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Existence of Good Q-Codes

Let £, be a t-dimensional subspace of error
operators and C a size k c-code.

e Theorem 8. There exists an £ -detecting g-code
S C spanC of dimension > k/(t + 1).

Proof: Based on a convex intersection argument.
See [, ]

e Corollary 9: . There exists an & ;-detecting g-code of
dimension > N/(t(t + 1)).

e Problem 10: What is the minimum size Q(t, V) of

the largest £ 4-detecting g-code?
Cor. 9: Q(t,N) > N/(t(t+1)).
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From Error Detection to Error Correction

Error algebra:
goo 2 52:5151 251 2 50:SpanI[Q.

Definition: A (c|q)-code has minimum distance d for
E1 If it detects £4_1.

e Theorem 11: A minimum distance 2e + 1 (c|q)-code
can be used to correct up to e errors (any error in £.).

Bennett&al. 1996 [], Knill&Laflamme 1996 [“], Knill&Laflamme&Viola 1999 [7],
General reference: (M)ike 2001 [1 0]
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Group Codes |

G
7 : G — Mat N (C)

T.gr Ty

A group.

Subspaces via irreps of subgroups:

Let H C G be a subgroup, y; irreps occurring in « | H.

)

(
\

T H —

X1

® L.

0

} Unitary, faithful irrep.

0

X2

® I

Projection onto the block for y; ® I

Py, o<y Xi(h)mh.

he H

Knill 1996 [ 1,
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Group Codes |l

T : g — g a unitary, faithful irrep of group G.

Let H < G be a normal subgroup, x one of the irreps
occurringinm [ H, Z(H) the center of H.
Define:  x9: h— x(ghg™1).
t={geG:x7=x}
v+ is the inertia subgroup of v, H C y= .

e Theorem 12: LetS = rng(P,). Then dim(S) = |G/ x|
and S detects every operator of 7(G) not in

m(x\ Z(H)).
Proof:
dimyY = dimy, x; = x? for some g;.
ge Z(H): n, | S = €Is for some ¢.
g¢&x+t: m,S LS, since 7, permutes the irreps of H.
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Classes of Group Codes

Clifford Codes: Klappenecker&Roetteler 2001 [ 2]
7 1S Induced by a projective representation of
G=G/Z(G).

Minimality: |G| = N2.
e Theorem 13: (G Is solvable. Klappenecker&Roetteler 2001 [ 4]

Stabilizer Codes:
Clifford code with x (irrep of H < (G) one-dimensional.
Gottesman 1996 [ 5], Klappenecker&Roetteler 2001 [1 -]

GFpgn codes.

Stabilizer Codes with G ~ (GF,)?".

Calderbank&al. 1996 [1 5], Rains 1997 [1 /]
Ashikhmin&Knill 2000 [ ]
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Conclusion and Open Problems

e Problem 7: What is the minimum size C(¢, N) of the
largest £-detecting c-code?
Thm. 6: C'(t, N) > N/1.

e Problem 10: What is the minimum size Q(t, N) of the

largest £-detecting g-code?
Cor. 9: Q(t, N) > N/(t(t+1)).

e Question 14: Is it possible to construct “good” group,
non-GF . codes for physically relevant error models?
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